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The projective representations of k-Galilei group Gfc are found by 
contracting the relevant representations of K-Poincare group. The 
projective multiplier is found. It is shown that it is not possible to 
replace the projective representations of Gfc by vector representations 
of some its extension. 



I Introduction 

There has been some attention paid recently to the deformations of space- 
time symmetries depending on dimensionful parameter, the so-called k- 
symmetries [Q-||lT|. They are interesting because they provide rather mild 
deformation of classical space-time symmetries with dimensionful parameter 
(cut-off?) naturally built in. It is, of course, still open question whether 
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quantum symmetries provide a proper way of introducing a fundamental en- 
ergy/length scale into the theory; in particular, special attention should be 
paid to the problems related to noncocommutativity of coproduct which ap- 
parently seems to be in some contradiction with kinematical properties of 
many-particle systems (see, however, Ref.[^). In spite of that it could be 
interesting to study in more detail the properties of K-deformed space-time 
symmetries. Some preliminary studies of their physical implications were al- 
ready undertaken. In particular, Bacry [|10] has found that they posses some 
attractive features from the point of view of general requirements imposed 
on kinematical symmetries. 

In most papers that appeared so far the deformations of Poincare symme- 
try were studied. However, it seems to be interesting to analyse the deforma- 
tion of its nonrelativistic counterpart, i.e. the deformed Galilei group. One 
version of deformed Galilei algebra was studied in Ref . [Q where it was shown 
to provide the symmetry algebra of one-dimensional Heisenberg ferromag- 
net. In Ref. another Galilei algebra was found by applying the contraction 
procedure (c— >-cxd, k —>■ 0, k = kc kept fixed) to /t-Poincare algebra in 
trigonometric version. The properties of this algebra (in hiperbolic version) 
as well as the algebra obtained by letting c^oo, k— s>oo, k = k/c - 



fixed, were studied in Ref.|P]. Finally, in Ref. ||1 1|| , the /t-Poincare group was 



contracted to the k-Galilei group and the latter was shown to be dual to 
k-Galilei algebra. The bicross-product structure of both was revealed and 
the projective representations of two-dimensional counterpart of k-Galilei 
group were constructed. 

In the present paper we continue the study of k-Galilei group. In Sec. II 
the projective multiplier is found by contracting the trivial multiplier on k- 
Poincare group. In the k —>■ oo limit it reduces to the standard nontrivial 
multiplier on classical Galilei group. In Sec. Ill the unitary projective repre- 
sentations of k-Galilei group are constructed (again by contraction from the 
representations of K-Poincare group) and their infinitesimal form is given. 
The generators of infinitesimal representations form the algebra which is a 
"central" extension of k-Galilei algebra. The question arises whether this 
structure can be lifted to the Hopf algebra structure. This question is equiv- 
alent to the one whether there exists a "central" extension of k-Galilei group 
such that the projective representations of the latter are equivalent to the 
standard (vector) representations of its central extension. In Sec. IV we prove 
that no such central extension exists. Sec.V is devoted to some conclusions. 
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Finally, the technicalities are relegated to the Appendices. 

We conclude the introduction with short resume of results obtained in 
Ref.in. 



In order to find the k-Galilei group one can apply the contraction pro- 
cedure to the K-Poincare group defined in Ref.[0. The following convenient 
parametrization of Lorentz group can be used for contraction procedure (ac- 
tually, it differs slightly from the one adopted in Ref.0]) 

1 
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A°n 



1 — 'ip /c^ 



c 

A^o = -/ (1) 



RR^ = I 



as well as 



a° = cr 



The following Hopf algebra (k-Galilei group) is obtained from the con- 
traction K — > 0, c ^ oo, k = Kc-fixed: 

■ i ■ 



\a\ a?\ = 0, [r, a'] = -a 

rC 

IT, v'] = [r, Rj\ = 



k 

— [-V 0,1 



[Rj,a''] = li5ikv"'R"'j-v'R'j) (2) 

AR'j = R\ ® R^j 
Av' = Rj + v'®I 
Aa' = Rj (g) + (g) T + a' (g) I 
At=t®I+I®t 
{R'jY = R'j, {v'Y = v\ {a'Y = a\ t* = r; 
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Gfe has a bicross-product structure 

where C(E(3)) is the algebra of functions on classical group E(3) generated 
by K'j and while T* is defined by 

[t, a'] = -a\ [a\ a^] = 
Aa' = a' ®I + I ®a\ At = t®I + 1 ®t 
The k-Galilei algebra G^, dual to G^, reads 

[Ji^ Jii[ — i^ikiJh [Jij Lk] — ieikjLj, [Jj, Pfc] = iSikjPj 
[U, H] = iP,, [L,, P,] = ^6,,P^ - '-PiPj 

AJi = Ji® I + I ® Ji 

AH = H (g) I + I (g) H (3) 

H X 

ALi = I ® Li + Li® e""fc - -CijkJi ® Pk 

APi^I®Pi + Pi® e-T 
P*^Pi, H*^H, L*^Li, J*^Ji 

Gk has also bicrossproduct structure 

Gk = T*^U{J,L) 

where U(J,L) is universal covering of Lie algebra c(3) while T is defined by 

[H,Pi]=0, [Pi,Pj]^0 
AH ^ H ® I + I ® H, APi ^ Pi®e-^ + I®Pi 

The duality rules are the same as in classical case. 

II Projective multiplier on Gj^ 

In analogy with the classical case one can define projective representation of 
a quantum group A acting in a Hilbert space H as a map p : H ^ H ® A 
satisfying 

{p ® I) o p{ilj) = {I ® ® A) o p{il;)) (4) 
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where is a unitary element of A^A (projective multiplier) obeying suitable 



consistency condition [11 



Two projective representations p and p' are called equivalent if there exists 
a unitary element C ^ ^ such that 

p = (/ ® Op (5) 

The corresponding multipliers are related by the formula 

(C®CV = c^'A(C) (6) 

Obviously, a multiplier u is trivial (the representation is equivalent to the 
vector one) if 

u = {c'0C')m (7) 

In the classical case it is sometimes possible to obtain nontrivial multiplier 



by contraction [|I2|. Assume the group G is obtained from G by contraction. 
Even if G does not admit nontrivial projective multipliers, one can proceed 
as follows. Let ({g) be a unitary function on G, C{g)C*{g) = 1- Define a 
trivial multiplier on G 

coi9.9') = Ci9)Ci9'Ki99') (8) 

It can happen that, ({g) being properly chosen, the specific combination of 
C's appearing on the right hand side of eq.(H) tends to the well defined limit 
under contraction while ({g) itself has no such a limit. We can then expect 
that the limiting uj{g, g') is a nontrivial multiplier on G. This is, for example, 
the case for G being Poincare group and 

C({A,a}) = e-^"^'='^° (9) 

The corresponding multiplier uj{g,g'), eq.(H), gives in the contraction limit 
c ^ oo 

Cj = e-'^(^-'+-''^'^^"^ , (10) 
the standard multiplier on Galilei group. 
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Following the classical case we define the trivial projective multiplier on 
K-Poincare group: 

UJ = (^g«'"ca'' gjmca'''jg-imc{AO^(g)af +aO(g)/) (H) 

Our aim is to find the limiting form of uj for k ^ 0, c ^ oo, k = kc; the 
K, c-dependence of m is yet unknown and must be determined from condition 
that the nontrivial limit exists. To this end we rewrite first in a more 
convenient form making explicit the cancellation of divergent terms. The long 
and rather tedious calculations reported in Appendix lead to the following 
expression for u 

oh{ 

In order to calculate the limiting value of u we use the parametrization (|1|). 
It is easy to check that in order to obtain the nontrivial limit one can choose 
the following form of m: 

-A;, , 2Mc^ , , 

m = — ln(l-^) (13) 

where M is some fixed mass parameter (which we assume to be positive); 
let us note that for k negative, m > and m — for c ^ oo while mc^r 



diverges. Taking the c — > oo limit in eq. ([T2|) one obtains 



which can be also written as 



This expression is a natural generalization of the one obtained in Ref . [p 
for two-dimensional case. In the classical limit /c — oo it coincides with the 
standard multiplier ([T0|). 

Let us conclude this section by noting one trouble related to the formula 
(|T4D . In order to keep the Poincare mass m real we had to assume k negative. 



This, however, implies that uj is singular somewhere. On the other hand, with 
k positive, Cj is everywhere regular. 
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It seems that this trouble cannot be cured in a simple way. The following 
argument can be given to support this point of view. Using the results con- 
tained in Ref. one easily concludes that the general form of irreducible 
(co)representation of the K-Poincare group is obtained by replacing the ex- 
ponentials on the right-hand side of eq. ([l6|) by 

where A = A{m,c,K), C = C{m,c,K) are two real functions subject to 
the condition — = m^c^ but otherwise arbitrary. So the question 
arises whether our trouble can be cured by an appropriate choice of A and 
C such that obtains, in the c — > cxd, k — > limit, the representation given 
by formula (19) while m = m(M, c, k) lies, for > 0, in the physical region 
m > 0. This seems not to be possible. Let us put again p = and consider 
the second exponential. It is easy to see that, in order to obtain the proper 
limiting formula, the following condition should be fulfiled 




However, due to the condition C"^ — A"^ = m?c^ ^ \C\ > mc and the above 
equation can be satisfied only provided C = —mc — A, A > 0. Then 

cA k 
lim — = — — 

which is impossible for /c > 0, M > and m > 0. 



Ill Contraction of representations 



The unitary representations of the 
Ref. (see also 



K-Poincare group were constructed in 
1^1). This constructions can be summarized as follows. The 



representation space is the Hilbert space of square integrable (with respect to 



the standard measure d^p/2pQ) functions over the hiperboloid 



m' 



taking 



their values in the vector space carrying the spin s representation of rotation 
group (s is assumed to be integer, for s halfinteger one should consider quan- 
tum ISL(2,C) group |TB| which only amounts to small modifications). The 
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(right) corepresentation reads 



• Di,{R{p A))fjiPu ® A%); (16) 

here by D(R{p ® /, / ® A)) we denote the spin s representation of standard 
Wigner rotation written as an element of tensor product H ^ A. 

It follows from eq. (|I6]) that the whole deformation is contained in trans- 
lation sector; in other words the representation is obtained by integrating the 
infinitesimal representation given in Majid-Ruegg basis |TC[,|T^. In the limit 
K, oo unitary representations of classical Poincare group are recovered. 

In order to find the representations of k-Galilei group we apply again the 
contraction procedure. To this end we put k = k/c and take m = m{M, k, c) 
as defined by eq. (|T^) . As in the classical case it is necessary to subtract the 
rest energy by redefining p: 

p = {I® e-'"'"'")p (17) 

Finally, contrary to the classical case, we have to redefine the momenta 
and the wave functions as follows: 

It is now easy to check that the limit c oo exists and gives the following 
unitary representation of k-Galilei group: 

Pnr : Mq) ^ e-*'='"(i+wr)®-e^^i^^" (/ ® D,,{R))f,{qk ® R\ + 

+ I®Mv^R''i) (19) 

acting in the Hilbert space of functions square integrable with respect to 
invariant measure d?q and taking values in the vector space carrying spin s 
representation of rotation group. 

As a next step let us find the infinitesimal form of representation p^r- Let 
us recall that if 

p:H3f^ /(„) ® a(^) eH®A 
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is the (right) corepresentation of the quantum group A then any element X of 
the dual Hopf algebra (quantum Lie algebra) is represented by the operator 

X:H3f^ /(,) < a(«),X >G H (20) 

The relevant duality rules can be, as it was mentioned above, adopted 
from classical theory. A simple calculation then gives 

7 _ • ^ 

Jk — —f-^klmCllT:, 1- Sk 

oqm 

d 

Lk = iM— 

OQk 

i^-Hn(l + ^) (21) 
Pk 



1 + 



2Mk 



Let us note that H and are nonsingular only provided k > 0. 
The operators (|2l|) verify the following commutation rules 

[Ji, Jk] = i^iklJu [Ji,Pk\ = i^iklPl, [Ji,Lk] = i^iklLi 

[K„H]=tP, (22) 

2H Z — * Z 

[K,, P,] = ^M5,,e-^ + -6,,P' - -P,P, 
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For M — >■ this algebra coincides with the algebraic sector of k-Galilei 
algebra (H). 

Finally, let us note the following dispersion relation valid within the rep- 
resentation (|2T|) 



k{l-e--) = (23) 



IV The central extension of k— Galilei group 

It is well known that in the classical case given a projective representation 
of a group G one can construct the group G' such that this projective repre- 
sentation of G is equivalent to the vector representation of G'. The natural 
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question arises whether the analogous construction is possible in quantum 
case. 

Let us assume that there exists a Hopf algebra such that 

(i) G'^ is obtained from by adding one new unitary element Q : CC* = 

c*c = / 

(ii) Gk is a Hopf subalgebra of G"^ 

(iii) A(C) = (C®CV 

where is a projective multiplier. 

Then, if p is a projective representation of Gk determined by uj (cf. eq.(|)), 

p' = {i® Op 

is a vector representation of G'/.. 

In the commutative case (iii) determines G'^ uniquely and consistently. In 
the quantum case, however, A should be a homomorphism which, together 
with (iii), imposes nontrivial consistency conditions. It has been already 
shown that G'^, cannot be obtained by straightforward generalization of 
standard contraction from trivial extension of K-Poincare. We show below 
that there is no solution to the problem, at least if the existence of well- 
defined limit k oo which reproduces the classical situation is assumed. To 
this end let us note first that eqs.(0) and (|1^ imply 



Therefore 



[T®I + I®r,Cu] = lcu{Mv^ ® r + Mv^'R^ ® a'){^^ ® /) (25) 
k 1 



MiP 
2k 



The homomorphism condition 

[A(C),A(r)] = A([C,r]) (26) 

gives 

A(C) [l^Y^ ®I){^®r + Mv'R\ ® j + 

+ {I®Cm,r]®I)u + {C®m®[C,r])u = A([C,r])(27) 
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It follows from eq.(p7D that the commutator [(, r] should be of the form 

[C.r] = ^CX (28) 

where X is an element of Gk, the 1/k factor is extracted out explicitly and 
the factor 2 is written for convenience. 

The following relation follows immediately from eqs.(^) and (|28|) 

A(X) = Cd-\X ® I)u + Cj-\I ® X)Cj + ( ^ ® I) ■ 

^ + ~2Ar 

D r + M^;'=i?^ ® a') (29) 



' 2 

Taking the lowest term in 1 /k expansion we get 



T + Mv^R'i^d = ^{X) - X ®I - I ®X (30) 

which can be viewed as the relation on classical Galilei group. However, 
eg. (pop does not hold true because the left-hand side is not a coboundary. 



V Conclusion 

Using the contraction technique we have found the projective multipliers 
on k-Galilei group and the corresponding projective representations, both 
in global as well as in infinitesimal form. It appears that we obtain a well- 
defined and regular structure for c — > cx3 provided the deformation parameter 
k is taken to be positive. On the other hand, in order to keep the Poincare 
mass parameter in the allowed region in the course of contraction we should 
rather assume k to be negative. We do not have a clear understanding of 
this phenomenon. 

In the classical case the projective representations can be always con- 
verted into the vector representations of suitably defined extension of the 
original group. We have seen in Sec. IV that this is not necessarily the case 
for quantum groups. There exists no suitable extension of Gk which, in the 
classical limit k oo reduces to the standard case. This seems to be not a 
serious obstacle because it concerns some technical rather then fundamental 
aspect of the theory. 
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The problem which certainly deserves further study is the multiplication 
of representations. This is important if we would like to reconcile the non- 
commutativity of the algebra coproduct with the basic properties of many- 
particle systems, especially those containing identical particles. 



Appendix 

We derive here eq.([l2|). In order to simplify the notation we omit the tensor 
product symbol writing instead with prime the factors appearing right to 
it. Eq. ([TT|) reads then 

Define 

X(m) = g™caOg-imc(AOoa"'+A"fca"''+a'') 2) 

Then X(0)=I and X(m) obeys the equation 

X (m) = {-ic)(Yo{m)a"' + Yk{m)a"')X{m) (A.3) 

where 

Let us first calculate lo(m). Using K-Poincare group commutation rules we 
get 



K 



C 



— {Y,\m) - 1) (A.5) 



K 



As io(m) commute for all m, ( [A.5| ) together with the initial condition ( |A.4| ) 



can be solved by separation of variables yielding 
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With Yo{m) explicitly known one can apply the same procedure to find Yk{m) 
the result reads 



(A.7) 



Now we can go back to the eq.( |A.3| ). It cannot be solved directly because 
two terms on the right-hand side do not commute. To account for this we 
pass to "interaction picture" and define 



— jc r dmYo(m)a'" 

X{m) = e W{m), W{0) = I 



For ( |A.3|) we get 



(A.8) 



, ic J dmYo{m)a"^ —ic J dmYo{m)a'^ 

W (m) = -icYk{m)e " a"'e o W{m) 



On the other hand 



ic / dmYo{m) = iK\ii(ch{ — ) + A^Qsh{ — )) 



(A.9) 



(A.IO) 



It follows from (^]9D and (pTTOl ) that 



W im) 



„/k 



W 



{ch{^) + A%sh{^)y 

Again everything commutes so that ( |A.11| ) can solved 



(A.ll) 



W = e 



r dm A , .,/k 

J (ch(2a£)+AOo^M22S))2^^ fc« 



(A.12) 



or 



(A. 13) 



Eq.(|TT|) follows directly from (Q, (Q, Q) and ( lAlSl) 
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